often a challenging task in terms of the accuracy of the estimations. Structural System Identification 25 by the observability method, which is characterized by the analysis of null spaces, is a powerful tool 26 to determine the observability of structural parameters. However, it did not cope well with 27 measurement errors so far. In this paper, for the first time, functional relations among displacements, 28 denoted by the term compatibility conditions, in beam-like structures are derived by the 29 observability method. Then compatibility conditions are imposed in an optimization procedure to 30 minimize the discrepancy between the measured response and the compatible one. The compatible 31 response obtained by the optimization is used to obtain the final estimations of the parameters. In a 32 simply supported bridge example, the proposed method is thoroughly evaluated regarding the 33 number of measurements, error levels and load cases. In an example of a continuous bridge, 34 different load cases are used to estimate the bending stiffnesses of different zones. The accuracy and 35 the efficacy of the proposed method are verified by the numerical results. 36
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1.Introduction

39
Research interest in Structural System Identification (SSI) has been increasing over the years due to 40 the strengthened computation power and the rapid development of various algorithms. Any SSI can 41 be summarized as structural parameter estimation using discrete measurements of real-life structural 42 response. A comprehensive description and the associated categories of SSI are provided in the 43 technical report of ASCE [1] . These categories include static [2] [3] [4] [5] [6] [7] and dynamic excitations [8] [9] [10] [11] [12] [13] [14] , 44 parametric [3, 5] and non-parametric models [8, [15] [16] [17] , deterministic [2, [4] [5] [6] 9, 18, 19] and probabilistic 45 approaches [10, [20] [21] [22] [23] [24] . For both static and dynamic SSI methods, structural responses have to be 46 measured to provide the necessary information. However, in dynamic methods, the knowledge of 47 the mass and the damping is also required unless full sets of modes are known or the mass scaling 48 factor can be determined by experimental means [14] , which is not necessary for static SSI. In 49 addition, dynamic methods require an adequate control of excitation including the elimination of 50 spurious excitation which was essential for precise model-shape measurement, and the resolution of 51 measurements for dynamic response was lower than that for static response [6] . In certain 52 circumstances, static loading might be more economical than dynamic loading [5] . Hence, when only 53 stiffness identification is required, static SSI might be more attractive than dynamic SSI. Based on 54 the physical interpretability, SSI methods can be classified as parametric or non-parametric. In 55 parametric methods, parameters correspond with the physical parameters (e.g. elastic moduli, areas, 56 bending/torsional inertias), as they are used in finite element models (FEM). Non-parametric 57 methods use basis functions to regress the response of the structure, e.g. autoregressive models [15, 25] 58 or rational fractional polynomials [16] . 59
Concerning probabilistic SSI methods, mainly the Bayesian approach, posterior distributions of 60 parameters are obtained by updating the assumed distributions of those parameters with the 61 measured response. The estimations of the parameters can be obtained by point estimation (e.g. 62 mean, median) or interval estimation (confidence interval) based on these posterior distributions. 63
On the contrary, certainty is assumed for the parameters in deterministic SSI. Generally, 64 deterministic methods try to pinpoint a unique solution of the problem. In both probabilistic and 65 deterministic methods, optimization technique is closely involved. The objective of the optimization 66 might be minimizing the discrepancy between the measured response and the predicted response, 67 F o r P e e r R e v i e w e.g. displacements [4, 5] , strains [2, 5] , loads vector [5, 6] , acceleration [18] , mode shapes and frequencies [9] , or 68 maximizing the sensitivity of the frequency response functions [19] . 69
Observability Method (OM) is a mathematical tool dealing with the observability, i.e. the existence 70 and the uniqueness, of the solution of a system of equations (or a subset of it) [26] . It has been applied 71 to many engineering fields, e.g. water distribution systems [27] , power systems [28] , traffic networks [29] .
72
An algebraic technique to analyze the observability of the solution of a linear system is checking the 73 null space of the coefficient matrix [26] . This technique can be applied to the identification of 74 parameters in physical and engineering problems in which the final systems are in the form of 75 monomial ratio equations [30] . The application of OM has to be tailor-made due to the different 76 characteristics of problems in different fields. The applicability of OM in SSI was verified in a 77 cable-stayed bridge when investigating the measurement set to identify its mechanical properties [31] .
78
At that time, the method was carried out in a symbolical approach to determine the observability of 79 the parameters and estimations of those observable parameters were lacking. Later, a numerical 80 development of this method was provided to determine the values of those observable parameters [4] . 81
The observability problem in power system [28] considers a system with n parameters and m potential 82 measurements. For the sake of economy and identifiability of the system, it is always desirable to 83 know the least number of sensors required to identify these n parameters. In this context, the term 84 essential sets relates to the measurement sets that ensure the identifiability of all n parameters while 85 the drop of any measurement fails to do so. In the essential sets, the number of measurements is 86 always the same as the number of parameters in the system. To address the issue of essential set in 87 SSI by OM, observability tree method was proposed to analyze the identification sequence of the 88 parameters [32] . It was shown that not all measurement sets could lead to global identifiability. 89
In SSI, there exist three sources of errors [33] : (1) Errors in measurements. (2) Errors in modeling. (3)  90 Errors in parameter estimation. In most cases, measurement errors are assumed to follow the normal 91 distribution with zero mean [6, 34] . One way to mitigate the adverse effect of measurement errors is to 92 use weight factors [5] . Each displacement was measured repeatedly and the variance in those 93 measured values was calculated. Lower weight factors were assigned to displacements having high 94 variances. This idea is similar to the weighted least square method [28] . Another way to deal with 95 measurement errors is to implement SSI under a Bayesian probabilistic framework. In these 96 methods, many sets of parameters are sampled from prior (assumed) distributions. For each set of 97 sampled parameters, the posterior probability of obtaining the measured response with this 98 parameter set being real is obtained. The final estimations of the parameters are determined by their 99 posterior (updated) distributions using point or interval estimations. The main drawback of this 100 method is that the intensity of the storage and the computation increase exponentially with the 101 number of parameters. The effect of errors from measurements and parameter estimations was also 102 investigated in SSI by OM for essential sets [35] . In the analytical expression of the identified 103 bending stiffness, which is a quotient, it was found that measurement errors might render the sign of 104 the denominator wrong. As a result, the estimations of the parameters might have no physical 105 meaning and their variances are quite high. To deal with measurement errors, an intuitive idea is to 106 measure more displacements. The term redundant sets is related with the case when redundant 107 measurements are used in addition to essential sets [28] . These redundant measurements not only 108 maintain the identifiability of the parameters in case of malfunction of sensors but also improve the 109 accuracy of the estimations. However, using redundant measurements can be ineffective for SSI by 110 OM because the denominator of the estimations might well be still close to zero or have a wrong 111 sign. In order to fill this gap, the functional relations among the measured displacements, which are 112 referred as the compatibility conditions, are derived algebraicaly in beam-like structures using OM 113 for the first time. Then the incompatibility in measured displacements, which is caused by 114 measurement errors, is reduced by an optimization routine with the compatibility conditions 115 imposed. SSI is carried out using the compatible displacements eventually. 116 In the remaining part of this paper, section 2 introduces the general idea of SSI by OM. In section 3, 117 the algorithm of SSI using compatibility conditions is proposed. Each step is detailed by the 118 analysis on a simply supported beam bridge. In section 4, the accuracy of SSI by OM using 119 redundant sets is provided first to emphasize the necessity of compatibility conditions. Then the 120 performance of the proposed method is investigated regarding the effects of the number of 121 measurements, error levels and load cases. In addition, the applicability of this method is verified by 122 a continuous bridge example. Finally, some conclusions are drawn. 123
2.Structural System Identification by Observability Method
124
In SSI by OM [3] , the FEM of the structure has to be defined first. Subsequently, the nodal 125 equilibrium equations are obtained by direct analysis and then transformed into a system of 126 monomial ratio equations. For illustration, assume that we have the following system of equations 127
In Eq. (1) includes the reactions at the boundary conditions. The modified matrix K * is partitioned accordingly. 154
In order to join the unknowns, Eq. (3) is transformed into Eq. (4). 155
In Eq. (4), unknown variables are of two types: (1) compatible and no solution exists [26] . 181
When the observability of unknown variables is determined, the values of those observable 182 variables are determined by the particular solution z p of Eq. (4). It is to highlight that in SSI by OM, 183 if any deflection, force or structural parameter is observed, this information might help to observe 184 new parameters in the adjacent beam elements through a recursive process. In this analysis, the 185 observed information is successively introduced as new input data in the observability analysis. The 186 peculiarity of this method is illustrated by a detailed step-by-step example in previous studies [3, 31] . 187 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 load is applied at node 7, i.e. V 7 =-350kN. 209
SSI for beam-like structures using compatibility conditions
Step 2: Choose three nodal displacements belonging to elements with the same structural 210 parameter and build Eq. (4) using these displacements. 211
Relations among nodal displacements that belong to the elements of the same bending stiffness can 212 be found using OM. Step 3: Check the null space matrix N of coefficient matrix B of Eq. (4) to obtain the 220 observable unknowns. 221
The null space matrix N 1 of the coefficient matrix B 1 is provided in Eq. (7). 222 Specifically, due to insufficient information of the displacements of nodes 1~7, the first column of 227 N 1 implies a rigid body motion of rotation. This is, the rotations indicated by EI 1 w 1~E I 1 w 6 are the 228 same while the deflections of these nodes can be calculated by the product of this rotation and the 229 distance between the current node and node 1. 230
Step 4: Derive the compatibility conditions and analytical expression for the i th structural 231 parameter from those observable unknowns.
232
Once the observable unknowns are detected, their estimations are specified by the associated values 233 of the particular solution. For instance, the particular solutions for EI 2 and EI 2 v 7 are provided in Eqs. 234 (8) and (9). 235
The hat, ^, denotes an estimation of the unknown. 
The compatibility conditions linking {w 7 , v 10 and w 13 } and each of {v 7~v13 and w 8~w12 } are found in 241 the same way for elements of EI 2 . It should be pointed out that regardless of the selected 242 measurement set, the derivation of compatibility conditions always leads to identical mathematical 243 equations. 244
Step It is pointed out that for one given bending stiffness, the functional relations among the nodal 249 displacements belonging to elements with this stiffness are obtained by the repetition of steps 2~4. 250
Step 6: Form an underdetermined system by combining all compatibility conditions 251 It is seen that displacements for beam elements with the same stiffness (EI 1 , EI 2 or EI 3 ) are 252 dependent on three displacements within these elements (being aware that boundary conditions can 253 reduce this number). In a more general case, a set of 7(=2+3+2) adequate displacements is needed 254 to specify every displacement in this structure. system, a set of independent displacements can be obtained 264
Step 7: Choose a set of independent displacements in Step 6 as a condensed set . Express all 265 compatible displacements and structural parameters θ as functions of . That is, derive the 266 functional relations = ( ) and = ( ). 267
After steps 5 and 6, the relations among the nodal displacements belonging to elements with same 268 stiffnesses as well as those associated with different stiffnesses are obtained. The displacements 269 satisfy all these relations are referred as the compatible ones, ߜ መ . Note that all these displacements ߜ መ 270 are functions of a condensed set ߜ መ (the independent displacements obtained in step 6 Regarding the functional form for bending stiffness, for instance, ‫ܫܧ‬ ଶ can be determined by w 7 and 277 w 13 from Eq. (8). As these two rotations are functions of ߜ , the functional form for ‫ܫܧ‬ ଶ in terms of 278 ߜ መ is also available. 279
Step 8: Find the optimal by minimizing the square sum of the proportional deviation of the 280 compatible displacements, , from the measured displacements, ෩ , as indicated by Eq. (15).
281
To smooth away the incompatibility in the measured displacements, the square sum of the 282 proportional deviation of the i th compatible displacement, ߜ መ , from the i th measured displacement, ߜ ሚ , 283 is minimized, as indicated by Eq. (15). 284
in which N m is the number of measured displacements. 285
Step 9: Evaluate the structural parameters by providing the optimal to SSI by OM. 286
The best estimations of the bending stiffnesses are determined by providing the optimal ߜ መ to SSI 287 by OM. 288
Algorithm for SSI using compatibility conditions
289
All the necessary procedures to implement SSI for beam-like structures using compatibility 290 conditions are presented in Figure 2 and summarized as follows. 291
Step 1: Introduce the geometry, as well as the known mechanical and geometrical properties and 292 measured node forces to establish a FEM for the beam-like structure. 293
Step 2: Choose three nodal displacements belonging to elements with the same structural parameter 294 and build Eq. (4) using these displacements. 295
Step 3: Check the null space matrix N of coefficient matrix B of Eq. (4) to obtain the observable 296 unknowns. 297 Step 4: Derive the compatibility conditions and analytical expression for the i th structural parameter 298 from those observable unknowns. 299
Step 5: Repeat steps 2~4, until compatibility conditions and analytical expressions have been 300 obtained for all parameters 301
Step 6: Form an underdetermined system by combining all compatibility conditions 302
Step 7: Choose a set of independent displacements in Step 6 as a condensed set ߜ መ . Express all 303 compatible displacements ߜ መ and structural parameters θ as functions of ߜ መ . That is, derive the 304 functional relations ߜ መ = ݂ (ߜ መ ) and ߠ = ݃ (ߜ መ ). 305
Step 8: Find the optimal ߜ መ by minimizing the square sum of the proportional deviation of the 306 compatible displacements, ߜ መ , from the measured displacements, ߜ ሚ , as indicated by Eq. (15). 307
Step 9: Evaluate the structural parameters by providing the optimal ߜ መ to SSI by OM. 308
Application of the compatibility conditions
309
In this section, the accuracy of SSI by OM using redundant measurements without imposing 310 compatibility conditions is presented first. Then the performance of the proposed method is 311 investigated in a simply supported beam with respect to the number of measurements, N m , error 312 levels, E level , and load cases. At the end of this section, the applicability of this method is verified in 313 a continuous beam. 314 This proportional noise is the product of a specified error level, E level , and a random number, χ. This 318 random number ߯ follows a normal distribution with zero mean and standard deviation of 0.5, and it 319 is truncated by the interval [-1,1]. 320
Example 1 without compatibility conditions
2000 numerical simulations of the identification of bending stiffnesses using error levels from 1% 321 to 8% were carried out without imposing compatibility conditions [4] . As the number of equations 322 exceeds the number of unknowns, the ill-posed problem was solved using the Penrose inverse 323 subroutine provided by Matlab. To normalize the estimations, all the estimations are divided by 324 their real values, which are denoted by a hat and the subscript r, i.e. ^r. This normalization is 325 followed in the rest of the paper. Unless otherwise stated, estimations always refer to those 326 normalized ones. 327
Without imposing some restrictions to the estimations, the method is useless due to the existence of 328 extreme values [35] . Thus, the average is taken for those estimations falling into the range of [0. In Figures 3.a and 3 .b, it is seen that 8 measurements are sufficient to estimate ‫ܫܧ‬ ଵ, and ‫ܫܧ‬ ଶ, 348 accurately with a low dispersion of the estimations. In the case of ‫ܫܧ‬ ଷ, , a slight overestimation of 349 1.3% is observed, which is acceptable. However, the COV of the estimations in ‫ܫܧ‬ ଷ, is 0.112, 350 which might not be negligible. When the number of measurements increases, the mean and the 351
COVs of the estimations of the stiffnesses get closer to one and decrease, respectively. In addition, 352 the improvement in ‫ܫܧ‬ ଷ, is relatively large when compared with the improvements in ‫ܫܧ‬ ଵ, and 353 ‫ܫܧ‬ ଶ, . In Figure 3 .b, the drop of COV for ‫ܫܧ‬ ଷ, is roughly twice the drop of COV in ‫ܫܧ‬ ଵ, and ‫ܫܧ‬ ଶ, 354 when the number of measurements increases. However, despite the fact that using more 355 measurements reduces the extent of dispersion, the COV of the estimations of ‫ܫܧ‬ ଷ, using 17 356 measurements is still higher than the COV of the estimations of ‫ܫܧ‬ ଵ, or ‫ܫܧ‬ ଶ, using 8 measurements.
357
The improvements of the results can be noticed when compared with those in Table 1 , where for 8 358 measurements and a 4% error the results were far from acceptable. The worse accuracy observed in 359 ‫ܫܧ‬ ଷ, compared with those results of ‫ܫܧ‬ ଵ, and ‫ܫܧ‬ ଶ, are in accordance with a previous study [35] . In 360 fact, for a given load test, the lowest the curvature in a given area of the structure, the worst the 361 accuracy of the estimated parameters in that zone. 362
The analysis of the effect of the number of measurements shows that: (1) For zones where curvature 363 is excited, small number of measurements is sufficient to achieve reasonable accuracy. (2) The 364 more the measurements, the less the deviation and the dispersion of the estimations. (3) Greater 365 improvement in the accuracy of the estimations is seen for parameters in low curvature zones than 366 those in high curvature zones. (4) The curvature level is more important than the number of 367 measurements. 368
Example 1 with compatibility conditions: Effect of error levels
369
The effect of error levels is investigated here using the set N m =8. The studied error levels range 370 from 1% to 8%. For each error level, 2000 samples are generated by Eq. (16). The mean and COV 371 of the estimations under different error levels are summarized in Figure 4 . In Figure 4 .a, the mean 372 of the estimations increases slightly with the error level. However, the sensitivity of the structural 373 parameters to the error levels is quite different. When E level increases from 1% to 8%, the changes in 374 the mean of ‫ܫܧ‬ ଶ, and ‫ܫܧ‬ ଵ, are 1.06% and 1.96% respectively, which are negligible. However, in 375 the case of ‫ܫܧ‬ ଷ, , the associated change is 5.26%, which is comparatively large. The order of 376 sensitivity to error levels for these parameters is ‫ܫܧ‬ ଷ, > ‫ܫܧ‬ ଵ, > ‫ܫܧ‬ ଶ, . In addition, overestimation 377 can be observed for all parameters. The extent of the overestimation follows the same order. In 378 Figure 4 .b, COV for all parameters grows linearly with the error levels. Again, the COV of ‫ܫܧ‬ ଷ, is 379 much higher than those of ‫ܫܧ‬ ଵ, and ‫ܫܧ‬ ଶ, . 380
Hence, it can be concluded that: (1) For zones where curvature is excited, the deviation in the mean 381 of the estimation is not sensitive to the error levels; (2) The level of dispersion (COV) increases 382 linearly with the error levels; (3) The increase of deviation and dispersion is much faster in low 383 curvature zones. 384 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 zones. To investigate the influence of curvature, the external load is moved from the left support 387 (node 2) to the center of the structure (node 10), which adds up to 9 load cases, as indicated in 388 Figure 5 .a. The measurement set N m =8 (indicated by double arrows) is used here. 2000 samples are 389 generated for both error levels of 4% and 8% by Eq. (16). Mean and COV of the estimations of 390 bending stiffnesses under different load cases and different error levels are summarized in Figure  391 5.b and Figure 5 .c. 392
When the load is applied at node 2, the bending behavior of elements of EI 1 , i.e. elements 1~6, is 393 quite activated. The associated mean for ‫ܫܧ‬ ଵ, is 1.003 (E level =4%) and 1.009 (E level =8%), which is 394 insensitive to errors. However, in the case of EI 3 , a higher overestimation can be observed when 395 higher errors exist in the measurements. The associated mean for ‫ܫܧ‬ ଷ, is 1.017 (E level =4%) and 396 1.069 (E level =8%). 397
When the load moves from node 2 to node 10, the curvature of the elements of EI 1 decreases while 398 the curvature of the elements of EI 3 increases. Correspondingly, an overestimation of ‫ܫܧ‬ ଵ, arises 399 and escalates while the overestimation of ‫ܫܧ‬ ଷ, becomes less severe. Similar variation is found in the 400 COV of ‫ܫܧ‬ ଵ, and ‫ܫܧ‬ ଷ, . In a symmetric load case (V 10 ), the mean of ‫ܫܧ‬ ଵ, and ‫ܫܧ‬ ଷ, are the same, 401 marked by the intersection P 1 and P 2 ( Figure 5 .b). This is the same case for associated COV, 402 marked by the intersection P 3 and P 4 ( Figure 5 .c). Note that the bending behavior for elements of 403 EI 2 is quite activated under each load case. When the load moves from node 2 to node 10, the 404 curvature of these elements becomes even higher. As a result, a small but perceptible improvement 405 is seen in both the mean and the COV of ‫ܫܧ‬ ଶ, . 406
The analysis of Figure 5 implies that: (1) In the same load case, the deviation and the dispersion of 407 the estimations are much higher in zones of lower curvature. (2) When the curvature increases due 408 to the change of load case, the deviation and dispersion of the estimations decrease 409 correspondingly.(3) it is advisable to apply different load cases to study different zones of the beam. 410
For instance, to identify EI 1 , the location of the load at node 2 is the best choice. 411
Example 2: Continuous beam bridge
412
This section illustrates the application of SSI using compatibility conditions to a 30 m+30 m 413 continuous bridge and the applicability of using different load cases to study different zones of this 414 structure. 415
The variation of the sectional properties is simulated by different values of the bending stiffnesses 416 in different zones. The FEM for this structure and the structural parameters are depicted in Figure  417 6.a. In Figure 6 .b, the bias in the mean of the estimations is generally within 2%. The largest bias is seen 424 in ‫ܫܧ‬ ଷ, and ‫ܫܧ‬ ସ, with a magnitude of around 5% when the load case is V 5 . When the load is applied 425 at zones associated with EI 3 and EI 4 , i.e. from V 7 to V 12 , associated bias decreases greatly, In Figure  426 6.c, when the load is moved from V 2 to V 10 , the curvatures of zones related with EI 1 and EI 2 always 427 decrease. Consequently, the COVs for ‫ܫܧ‬ ଵ, and ‫ܫܧ‬ ଶ, generally increase. In the case of ‫ܫܧ‬ ଷ, and 428 ‫ܫܧ‬ ସ, , their COVs decrease first due to the increase of curvatures in associated zones. However, 429 when the load is quite close to the middle support, a high proportion of the load is borne by the 430 F o r P e e r R e v i e w middle support and insignificant bending behavior is induced in the structure. As a result, a sharp 431 increase of COV is observed in Figure 6 .c when the load cases vary from V 10 to V 12 . 432
Since the mean of the estimations is generally around one, the best load case for a targeted bending 433 stiffness is selected as the load case leading to the lowest dispersion of associated estimations. 434 Figure 6 .c shows that the variation of COV largely depends on the load cases. It should be mentioned that, Maxwell-Betti reciprocal theorem can be exploited to reduce the 448 number of sensors while still getting dense measurements [7, 36] , providing that the response induced 449 by the excitation is still in elastic range. When one sensor is fixed and a point load is positioned at 450 different locations, the readings of the sensor represent the deflections of the structure at the various 451 locations of the load when applying the load at the location of the sensor. This is to say, when the 452 load is positioned at different locations, the placement of one sensor is the same as adding one load 453
case. This can be achieved by positioning a truck with calibrated weight at various locations along 454 the bridges [37] . Hence, in order to get accurate and robust estimations of EI 1~E I 8 , it is recommended 455 to place sensors at nodes 2, 5, 16, 17, 9, 10, 21 and 24 together with a load positioned at various 456 locations on the structure. 457
This example shows the applicability of using different load cases to obtain reliable estimations of 458 the bending stiffnesses for different zones in a continuous beam. The best load case for a targeted 459 bending stiffness is selected as the one leading to the lowest dispersion of associated estimations. 460
5: Conclusions
461
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